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I Abstract. For any additive subgroup G of an arbitrary field F of characteristic zero, there 

(Sj ' corresponds a generahzed Heisenberg-Virasoro algebra C[G]. Given a total order of G compatible 

with its group structure, and any h, hj, c, C[,cli G F, a Verma module M{h, h[, c, C[,cli) over C[G] 

is defined. In the this note, the irreducibility of Verma modules M{h,hj,c,cj,CLj) is completely 



determined. 
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1. Introduction 

> . 

'sj" . Let F be a field of characteristic 0. The well-known twisted Heisenberg- Virasoro algebra 

• is the Lie algebra C := C[Z] with an F-basis {Lm, Im,C,Ci,CLi | m G Z} subject to the 
following relations (e.g., [ACKP, B]) 

in 

■ [Ln, Lm] = {n — m)Ln+m + ^n,-m 77^ C, 

. i/ 

[L„, Im] = -mln+m " ^n-min^ + ^)C'l/, 

[C,C] = [C,Cu] = [C,Ci]=0. 

This Lie algebra is the universal central extension of the Lie algebra of differential oper- 
ators on a circle of order at most one, which contains an infinite-dimensional Heisenberg 
subalgebra and the Virasoro subalgebra. The natural action of the Virasoro subalgebra on 
the Heisenberg subalgebra is twisted with a 2-cocycle. The structure and representation 
theory for the twisted Heisenberg-Virasoro algebra has been well developed (e.g., [ACKP, 
B, FO, J J, SJ]). The structure of the irreducible highest weight modules for the twisted 
Heisenberg-Virasoro algebra are determined in [ACKP, B]. 

By replacing the index group Z by an arbitrary subgroup G of the base field F, it is 
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natural to introduce the so-called generalized Heisenberg-Virasoro algebra C[G] (cf. Defini- 
tion 2.1, see e.g., [XLT, LJ]). This is the Lie algebra which is the 3-dimensional universal 
central extension of the Lie algebra of generalized differential operators of order at least one. 
The Harish-Chandra modules of intermediate series over generalized Heisenberg-Virasoro 
algebra C[G] are discussed in [LJ]. 

Given any total order of G compatible with its group structure, and given any h, hj, c, C/, 

Cij G F, there corresponds a Verma module M{h,hj,c,Ci,CLi) over C[G]. Due to the fact 
that the representations of generalized Heisenberg-Virasoro algebras are closely related to 
the representation theory of toroidal Lie algebras as well as some problems in mathematical 
physics (e.g., [ACKP, FO, JJ]) and the Verma modules play the crucial role in the rep- 
resentation theory, it is very natural to consider the Verma modules over the generalized 
Heisenberg-Virasoro algebras. In this note, we completely determine the irreducibility of 

Verma modules M{h, hj, c, c/, c^i) over C[G] for arbitrary G. Namely, if G does not con- 
tain a minimal positive element with respect to the total order, then the Verma module 

M{h,hi,c,ci,CLi) is irreducible if and only if {ci,cli) 7^ (0,0); in case if G contains the 

minimal positive element a, then the Verma module M{h, hi, c, c/, cli) is irreducible if and 
only if the £[Za] -module generated by a fixed highest weight generator is irreducible over 
the twisted Heisenberg-Virasoro algebra C[Za] (cf. Theorem 3.1). 

2. Generalized Heisenberg-Virasoro algebras 

Let U :— U {C) be the universal enveloping algebra of the twisted Heisenberg-Virasoro 
algebra C. For any /i, hj, c, cj, cu e F, denote by I{h, hi, c, ci, cli) the left ideal of U 
generated by the elements 

{Li, Ij >0}U{Lo-h-l,Io-hi-l,C -c-l,Ci-ci-l, Gli - cli ■ 1}. 

The Verma module with highest weight {h, hi, c, ci, cli) over C is defined as 

M{h, hi, c, ci, Cli) — U/I{h, hi, c, ci, cli), 

which is a highest weight module with a basis consisting of all vectors of the form 

I-pJ-P2 ■ ■ ■ ■ ■ ■ L-jk'^h, (2.1) 

where s,keNU {0}, Pr,ji G N and < pi < pa < • • • < P., < ji < ja < • • • < jk- 

Definition 2.1 Let G C F be an additive subgroup. The generalized Heisenberg- 
Virasoro algebra L :— J0,[G] is a Lie algebra with F-basis {L^, 1^, G, Gi, Gli \ A* ^ Ct} subject 
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to the following relations [XLT, LJ] 

[L^, L^] = (/u - i^)L^,+^ + C, 

[C,C] = [C,Cu] = [C,Ci]=0. 

For any x G G* := G\{0}, obviously, Zx C G. Let C[Zx] be the F-subspace of C 
spanned by {Li^, Iix,C,Ci,CLi \i & Z}. It is clear that C[Zx] is a Lie algebra isomorphic 
to the twisted Heisenberg-Virasoro algebra C. Precisely, we have 

Lemma 2.2 The map 
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for i e Z, extends uniquely to a Lie algebra isomorphism between C and £[Zx]. 

Proof. This follows from straightforward verifications. □ 

Throughout this note, we fix a total order 'V on G compatible with its group structure, 
namely, x y y implies x + z y y + z for any z & G. Denote 

G+:= {x eG\xyO}, G-:^{xeG\x^O}. 

Then G' = G'+U{0}UG'_. 

For an jC-module V and A, hi, c, cj, cli G F, denote by 

Vx,hi,c,ci,CLi — e y|LoT; = A^;, IqV = M, Cv = ct, C/^; = civ, Gliv = cl/^;}, 

the weight space of V. We shall simply write Vx instead of Vx^hi,c,ci,CLr Define 

supp(y) := {Xe¥\Vx^O}, 

called the weight set (or the support) of V. For any h, hj, c, c/, cli £ F, let M{h, hj, c, cj, cli) 
be the Verma module for £, which is defined by using the order 'V and the same fashion 
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as that for £ at the beginning of this section. Then /q, C, Cj, Cli acts as /i/, c, c/, cli 
respectively on M{h, hj, c, c/, clj) and 

supp(M(/i, hi, c, ci, Cli)) = h + G+. 

For any x e G+, let 

M,(/i, c, ci, Cli) = C/(>C[Zx])^;^, (2.2) 

be the >C[Za;]-submodule of M(/i, hi, c, ci, cli) generated by a fixed highest weight generator 
Vh- Note that the subgroup is also a "totally ordered abelian group", inheriting the 
order 'V from G. It is easy to see that 

ax >- hx <^=^ a> h for a,b & Z. 

As a result, we have 

CoroUeiry 2.3 As an £-module, we have 

-""^-^ X — X ^ 

Mx{h, hi, c, ci, Cli) = M{x~^h H — — c, x~^hi + (1 - x~'^)cli, xc, x~^ci, cli). 



Proof. This is clear by Lemma 2.2. □ 

3. The main result 

Recall that {G, >-) is a totally ordered abelian group. Denote 

B{x) ^ {y e G\0 < x} for x e G+. 

The order 'V is called dense if tl-B(a;) ~ oo for all x e G+; discrete if there exists some 
a e G+ such that B{a) = 0, in this case a is called the minimal positive element of G. 

For convenience, we denote 

— L_j^L_j^ ■ ■ ■ L^j^ for 0-<jidij2di---dijk, j ^ iji,j2, ■■■ ,jk), (3.1) 

/_p := I^pJ^p^_^ ■ ■ ■ I^p^ for ^ ^ • • • ^ p2 ^ Pi, P = (Ps, ■ ■ ■ ,P2,Pi). (3.2) 
Then U{CJ) has a basis 

{I-pL^j I for all j,p as in (3.1) and (3.2)}. (3.3) 

Denote by |j| the number of components in j. Then \j\ = k in (3.1) and |p| = s in (3.2). 
The main result in this note is following. 

Theorem 3.1 Let h, hi, c, ci, cli £ F. 

(1) With respect to a dense order V" ofG, the Verma module M{h,hi,c,ci,CLi) is an 
irreducible C[G\-module if and only if {ci, cli) 7^ (0, 0). 
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(2) With respect to a discrete order of G with minimal positive element a, the Verma 

module M {h, hj, c, c/, c^j) is an irreducible C[G]-module if and only ifMa{h, hj, c, cj, clj) 
{cf. (2.2)) is an irreducible C[Za]-module. 

Remark 3.2 Suppose cj = cli = in case of Theorem 3.1(1). Since 

X := span]p{/^, C/, CLilfJ^e G}, 

is an ideal of L, the Verma module V :— M{h, hi, c, 0, 0) over C has a proper submodule 
U{X)V such that the quotient module W :— V/U{I)V is simply the Verma module over the 
generalized Virasoro algebra VirfG] := span]jr{L^, G\ /i & G} = C/I, whose irreducibility is 
completely determined in [HWZ] . Also note that the irreducibility of a Verma module over 
the twisted Heisenberg- Virasoro algebra L is completely determined in [B] . Thus, essentially 

the above theorem has in fact determined the structure of all Verma modules over L. 

Proof of Theorem 3.1. (1) Suppose the order of G is dense. Let Vh be a fixed highest 
weight generator in M{h, hj, c, cj, cli) of weight h. Let uq ^ Fvh be any given weight vector 
in V M{h, hj, c, cj, cli). 

Claim 1: There exists a weight vector u e U{jC[G])uo of weight A such that 

u — ^ QpI-pVh (a finite sum) for some Up &¥* — F\{0}. (3.4) 

p 

For each m e N, set 

Yl ^I-pL-jVh. (3.5) 

p,r- \j\<fn 

It is clear that 

LxVm C K„, I^V^ C V^ for X e G+. 
We can write Uq as (cf. (2.1) and (3.3)) 

Uq = '^^ttpjl-pL-jVh for some Upj e F*. 

p,j 

Let r := max | Upj ^ 0}. If r = 0, then the claim holds clearly. We assume r > 1, and 
write 

Mo = (mod V^._i), where Mq = apjl-pL^jVh- (3.6) 

p,j- \j\=r 

Let X e such that (cf. (3.2) for notation pi) 

X -< min{_7i | apj ^ 0} and {x, 2\ — x \ apj 7^ 0} fl {pi \ apj ^ 0, \/l} — 0. 
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Then 

p,j:\j\=r \i=l J 

If any 

xapjI_pL_j^ ■ ■ ■ L_j._Jx_j.L_j.^^ ■ ■ ■ L_j^ and xapijiI_piL_ji^ ■ ■ ■ L_ji^_Jx_ji^L_ji^^^ ■ ■ ■ L_j/ , 

for 1 < i, s < r, are linear dependent, it is not difficult to see that p — p' and j — f. Hence 

7^ Ml := Ixu'q e Vr-i. 

Similarly, let Ui = u[ (mod K-2) as in (3.6), then u[ ^ 0. For A; = 2, • • • ,r. We define 
recursively and prove by induction that, 

Uk := 4Mfc-i e K-fc, Mfc = «fc (mod Vr-k-x)-, u'^ 7^ 0. 

Letting k — r,we get that Ur E Vq. Our claim follows. 

Now let u be as in (3.4). Set P ■= {p\ap 0} ^ 0. We define the total order V" on P 
as follows: For any p,p' e P, if /c := \p\ > I := we set p- = for i = / + 1, k. Then 

p y p' <^=^ 3 s with 1 < s < A; such that Ps >- p'g and pt — p[ for t < s. (3.7) 

Let 

? (Qko, ■■■ ,(l2,qi), ^ Qko ^ ■ ■ ■ ^ Qi, 
be the unique maximal element in P. Then 

Case 1: If c/ 7^ 0, then by the simple calculations 

bvh = IqU e U{jC[G])uo for some b e ¥*. 

Case 2: Suppose c/ = 0, cli 7^ 0. Let y e such that 

{x e G I - 1/ ^ x ^ 52} n {pi,p2 1 p e P} = 0. 

Then 

ti' := Lq-^_yU = a'l-zVh for some a' e F*, 

where 

z = (2;fco, ■■■ ,Z2,zi), ~< Zko di ■ ■ ■ di Z2 zi, and 
I i = 1, 2, • • • , /co} = {gfeo, • • • , ^3, ?2, y}- 

(i) If {2;^ I ^ = 1, 2, ■ ■ ■ , ko} n {/i//ci/ - 1} = 0, then 

ko 

b'vh = L,u' e U{C[G])uo 7^ 0, where = ^^^^^ ~ + 1)^-^^) ^ 

i=l 
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(ii) If there exists some Zi = hj / cli — 1 with 1 < i < ko- We assume 

{zi} n{zk\l <k <ko,k^i} 
Otherwise, we only need to recurse the following proof. Let 

w ■= Lz,_-, ■ ■ ■ L^^L^^u' = a'7_2^^/_^^^_j • • • I-z^Vh ^ for some a" G F*. 
Take x' e G+ such that Zi — x' y Zk,i < k < ko. Then 

w' := L^.^^iw = a/_2^^/_2^^_i • • • I-.^^^J-x'Vh 7^ for some a e ¥*, 
and {zkQ, ZkQ-i ■ ■ ■ , ^j+i, x'} fl {hj/cLi — 1} = 0. This becomes case (i) if we take u' to be 



w'. 



Therefore, Vh e U{C[G])uo in any case. Hence M{h,hi,c,ci,CLi) is irreducible. 

(2) Suppose the order 'V of G is discrete with the minimal positive element a. Then 
Za C G. For any x & G, we write x y IaQ ii x y na for all n e Z. Let 

H+:^{x eG\x^ Za}, H_ = -H+. 

It is not difficult to see that 

G^ZaUH+UH^. (3.8) 

Then one can see that 

C[H+]Ma(h, hi, c, ci, CLi) = (recall (2.2)). 

Since 

M{h, hi, c, ci, cli) = U{C[G]) (»u{c[Za]+c[H+]) M^iji, hi, c, ci, cli), 

it follows that the irreducibility of vCfGl-module M{h, hi, c, ci, cli) imply the irreducibility 
of >C[Za]-module Ma{h, hi, c, ci, cli)- 

Conversely, suppose Ma{h, hi, c, Ci, Cu) is an irreducible >C[Za] -module. Let Uq ¥vh be 
any weight vector in M{h, hi, c, ci, cli)- We want to prove 

U{C[G])uo n Ma{h, hi, c, ci, cli) ^ {0}, (3.9) 

from which the irreducibility of M{h, hi, c, ci, cli) as /^[Gl-module follows immediately. 
Case 1: ci ^ 0. We can write uq as (cf. (3.8)) 

Mo = api jipjl L _ji I _pL _jVh (mod K-_i) for some apiypj e F*, 



where r are defined as in (3.5) and (3.6). Let (cf. notation (3.2)) 

P' = {PP' = (Ps, ■ ■ ■ ,P2,Pl,p'l, ■ ■ ■ ,p'2,P'l) \ ^ Ps ^ ■ ■ ■ ^ P2 ^ Pi ^ 

p'l^--- ^p'i^p'i, ap'fpj ^ 0}. 

If P' 7^ 0, we define tlie total order 'V on P' as in (3.7). Let g° be the maximal element 
in P'. Then 

:= /goito = aj'jL_j/L_jVh (mod K-i) for some aj'j G F*. 

j'^eH+,jrez+a, \j'\+\j\=r 

If P' = 0, then uq has the form of Mq naturally. By the proof of [HWZ, Theorem 3.1], 

there exists a weight vector 7^ ti e U{C[G])uo fl Ma,{h,hi,c,ci,CLi), which gives (3.9) as 
required. 

Case 2: cj — 0. We can write 

Uq = bpij'pjI-p'L-j'I-pL-jVh for some Vi'pi ^ 

If J := {/ 1 bpij'pj 7^ 0} 7^ 0, we set j(0) := min{j( | 6p/j/pj 7^ 0}. Then there exists some 
m e N such that 

{j( — e I Vj'pj 7^ 0} 1^ {p'l I Vj'pj 7^ 0) — 0) where e — j{0) — ma. 
Let Uq = max {|j'| | bp/jipj 7^ 0}, then 

u' := /"°iio = ^ b'p,pjI-p>I-pL^jVh 7^ for some bp,pj e F*, 

by the proof of Claim 1. If J = 0, then uq has the form of u' naturally. Let 

Q - {P' I ^'^'p,- ^ 0, b'l = 0, where t = min{|p'| | b'p,pj ^ 0}. 

If t = 0, the theorem holds clearly since u' is a weight vector. We assume t > 1. Then 
Q 7^ 0. Again, we define the total order on Q as in (3.7). Let 

q' — {q'l: ?2, • • • , ^ ^ ^ • • • ^ g^, 

be the unique minimum element in Q. For m G N, set 

E F7_p,7_pL_,^;,. 

p[ei?+,Ps,jT-ez+o, |p'|>m 

Then 

Yl bp,pjI_pJ_pL_jVh (modV/+i). 

P'l^H+ ,ps ,jr e1+a,\p'\ =t 



u' 



We have 



u{l) := Lg' au' 



E 



^pWpj^-P^'> I~aI~pL-jVh (modi//) 



p['>GH+,p«,>eZ+a, \pW\=t-l 



for some h^^,,^^ G F*. Define Q« = {p^^M ^^lip, ^ 0}, g« = (g^, g^, ■ ■ ■ , gQ. By our 
assumption and the commutator relations for C[G], we see that ^^(1)^^- 7^ 0, hence Q*-"*^^ 7^ 0- 
Moreover, g'-^-' is the unique minimum element in Q^^-*- 

Now for s = 2, 3, ■ ■ ■ , t, we define recursively and prove by induction that 

(i) Let u{s) := Lq'^^au{s — 1). Then 



uis = 



E 



t'%„I-,:<I-J-pL~,v, (modl//_.„) for some t^,^^ e F*. 



P' 'PJ 



p\'^<^H+,p.,,jr&+a, \pM\=t-s 



(ii) Let := | b^'^^^. ^ 0} ^ 0. Moreover, g(") := (g^^, q'^^^, ■■■ ,q[)is the unique 
minimum element in Q^^\ 

Now letting s = t and noting that u{t) is a weight vector, we get that ^ u{t) G 
U {C[G])uo n Ma{h, hj, c, c/, c^/), which gives (3.9) as required. □ 
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